Given a ring T n , n 2, of lower triangular n × n matrices with entries from an arbitrary field F , a complete description is performed of the orbits of free cyclic submodules of 2 T n , under the action of the general linear group GL 2 (T n ). It is given its total number, which is equal to the Bell number B n , and there are shown their representatives.
Introduction
The projective line over a ring R with unity is a generalization of the concept of the projective line over a field known from the algebraic geometry. It can be defined as a set of those free cyclic submodules of the two-dimensional left free module 2 R which are generated by admissible or unimodular pairs. In general, there exist free cyclic submodules generated by non-unimodular pairs. The natural question arises about orbits of action of the general linear group GL 2 (R) on the set of all free cyclic submodules of 2 R. In this note we investigate the case of a ring T n of lower triangular n × n matrices The main motivation for this paper is, presented by Havlicek and Saniga in [6] , classification of the vectors of the free left module 2 T 2 over a ring of ternions T 2 up to the natural action of GL 2 (T 2 ). It is shown that such classification yields exactly two (one unimodular and one non-unimodular) orbits of free cyclic submodules of 2 T 2 under the action of GL 2 (T 2 ). In case of any associative ring R with unity the unimodular GL 2 (R)-orbit is the projective line P(R) which is described and used in many articles (see e.g. [4, 2, 3] ).
In [1] are described all orbits of free cyclic submodules in the ring T 3 under the action of GL 2 (T 3 ). Throughout the paper we aim at extending and generalisation these findings of [1] to an arbitrary ring T n and we present the full classification of orbits of free cyclic submodules of 2 T n . The starting point of our investigation is giving the complete characterisation of free cyclic submodules, unimodular pairs and outliers generating free cyclic submodules in case of considered class of rings, i.e. T n . Next, we introduce representatives of all GL 2 (T n )-orbits (Theorems 1 and 2). Finally, we prove that the total number of GL 2 (T n )-orbits is equal to the Bell number B n (Theorem 3).
Free cyclic submodules T n (A, B)
Consider the free left module 2 R over a ring R with unity. Let (a, b) ⊂ 2 R, then the set R (a, b) = {r (a, b) ; r ∈ R} is a left cyclic submodule of 2 R. If the equation (ra, rb) = (0, 0) implies that r = 0, then R (a, b) is free. We give now the condition for a cyclic submodule M n (A, B) ⊂ 2 M n , where M n is the ring of n × n matrices over F , to be free. To this aim we use the expression 
is free if, and only if, the rank of [AB] is n.
Proof. Let
and let w i = x i1 x i2 . . . x in , i = 1, 2, . . . , n.
" ⇐ " Suppose that the rank of [AB] is n. Equivalently exactly n column k j of [AB] is a set of linearly independent vectors. Then the equation
(where 0 denotes the zero matrix of size n x 2n) implies that linear functionals w 1 , w 2 , . . . , w n : F n → F are zeros on n linearly independent vectors of the space F n . So they are zeros and hence M n (A, B) is free. " ⇒ " Assume that a submodule M n (A, B) is free. Then the fact that any set of linear functionals w 1 , w 2 , . . . , w n : F n → F are zeros on vectors k 1 , k 2 , . . . , k 2n implies w 1 = w 2 = . . . = w n = 0. Consequently there exists a set of n linearly independent vectors k j and so the rank of [AB] is n.
Remark 1. The statement of Lemma 1 remains true if one substitutes the ring M n by any its subring, in particular by the ring T n .
It is well known that any unimodular pair generates a free cyclic submodule, that is why we also call such submodules unimodular. Now we give the description of the unimodularity in case of T n . Proof. According to the definition of the unimodularity (see [7, 5] ) a pair (A, B) ⊂ 2 T n is unimodular, if there exist matrices X, Y ∈ T n such that AX + BY = U ∈ T * n , where T * n denotes the group of invertible elements of the ring T n .
for any X, Y ∈ T n (q). Thus AX + BY = U ⇔ a ii x ii + b ii y ii = 0 for any i = 1, 2, . . . , n. This is equivalent to the following condition: a ii x ii = −b ii y ii for any i = 1, 2, . . . , n. Hence (A, B) ⊂ 2 T n is unimodular if, and only if, a ii = 0 ∨ b ii = 0 for any i = 1, 2, . . . , n.
Another type of free cyclic submodules is the one represented by pairs not contained in any cyclic submodule generated by an unimodular pair, so called, outliers (as first introduced in [8]). As it was shown in [6, 1] the class of non-unimodular free cyclic submodules can be wide, although not all outliers generate free cyclic submodules. 3 Representatives of GL 2 (T n )-orbits
The general linear group GL 2 (T n ) acts in natural way (from the right) on the free left T n -module. Orbits of the set of all free cyclic submodules
Before we proceed to show the form of represenatatives of such orbits, we prove the following lemma.
an element of the group GL 2 (T n ), if, and only if, x ii z ii − y ii w ii = 0 for all i = 1, 2, . . . , n.
Proof. If X, Y, W, Z are elements of the ring T n over F , then the matrix X Y W Z can be identified with
It is easy to check that this equivalence is true for n = 2. Suppose now that it holds for any natural k > 2 and let k + 1 = l. Then
By the assumption we get:
Thus, the lemma holds by induction.
Let (A, B) be a pair of 2 T n such that for all i = 1, 2, . . . , n, j = 1, 2, . . . , i − 1:
• the number of non-zero entries of [AB] is equal to its rank and it is n.
We will use the grotesk typeface for such pairs. According to Lemma 1 and Remark 1 any pair (A, B) ∈ 2 T n generates free cyclic submodule.
Proof. " ⇒ " This is obvious. " ⇐ " We give the proof by contradiction.
Hence
are free, thus a 11 , c 11 ∈ F * = F \{0}, and so a 11 = c 11 = 1. Let i ∈ {2, 3, . . . , n}. Consider two cases:
1. a ii = 1; Then by the above system of equations and according to Lemma 3 we get y ii = 0, x ii = 0 and c ii = 0. Consequently c ii = a ii = 1, and so all remaining entries in the i-th row of matrices A, B, C, D are equal zero.
2. a ii = 0; Then we get immediately c ii = a ii = 0. The form of (A, B) ∈ 2 T n implies that there exists exactly one non-zero entry b ij in the i-th row of the matrix B. Suppose then that b ij = 1 for some j ∈ {1, 2, . . . , i−1}. We obtain the system of equations:
Therefore w jj = 0. Lemma 3 leads to z jj = 0, and so d ij = 0. Thus d ij = b ij = 1 and all remaining entries in the i-th row of matrices A, B, C, D are equal zero.
It means that (A, B) = (C, D), which completes the proof.
Proof. Taking into account Theorem 1 it suffices to show that any GL 2 (T n )orbit has a representative of the form T n (A, B) ⊂ 2 T n . This is equivalent to saying that for any free cyclic submodule T n (A, B) ⊂ 2 T n there exist matrices Q ∈ GL 2 (T n ) and U ∈ T * n such that U(A, B)Q = (A, B). We show now that this holds.
Let T n (A, B) be any free cyclic submodule of 2 T n . We multiply (A, B)
where d ii = 0 for any i = 1, 2, . . . , n.
Next step is multiplying
where P ∈ T n , J is a Jordan normal form of C with block matrices J i , which are just elements of F . Of course, e ii = 0 for any i = 1, 2, . . . , n. 1. j 1 be the number of column of G such that g i 1 j 1 = 0 and g i 1 k = 0 for any k > j 1 ;
2. j t be the number of column of G such that j t = j l for any l = 1, 2, . . . , j t − 1, g itjt = 0 and g itk = 0 for any k satisfying the two conditions: k > j t and k = j l for any l = 1, 2, . . . , j t − 1.
Consider the multiplication (A, G)
for any l = 1, 2, . . . , j t − 1. It gives a pair (A, H), where for any pair of indexes i t , j t , t ∈ T and for any l = 1, 2, . . . , j t − 1 we have:
Clearly, for any i = 1, 2, . . . , n, j = 1, 2, . . . , i − 1 we have:
Let us illustrate this part of the proof by the example of a pair 
0 0 0 0 0 0 0 0 0 0 0 g 51 g 52 g 53 g 54 0 0 0 g 61 g 62 g 63 g 64 0 0 0 g 71 g 72 g 73 g 74 0 0 0
where g 32 , g 54 , g 63 , g 71 ∈ F * First, we find indexes i t , j t , t ∈ T and determine respective entries of V ∈ T * 7 :
The result of multiplication (A, G) I 0 0 V is a pair (A, H) ∈ 2 T 7 , where:
h 32 = g 32 v 22 = g 32 g −1 32 = 1, h 31 = g 31 v 11 +g 32 v 21 = g 31 v 11 +g 32 −g −1 32 g 31 v 11 = = 0, h 54 = g 54 v 44 = g 54 g −1 54 = 1, h 51 = g 51 v 11 + g 52 v 21 + g 53 v 31 + g 54 v 41 = g 51 v 11 + +g 52 v 21 + g 53 v 31 + g 54 −g −1 54 (g 51 v 11 + g 52 v 21 + g 53 v 31 ) = 0, h 52 = g 52 v 22 + +g 53 v 32 + g 54 v 42 = g 52 v 22 + g 53 v 32 + g 54 −g −1 54 (g 52 v 22 + g 53 v 32 ) = 0, h 53 = g 53 v 33 + g 54 v 43 = g 53 v 33 + g 54 −g −1 54 g 53 v 33 = 0, h 63 = g 63 v 33 +g 64 v 43 = g 63 g −1 63 (1 − g 64 v 43 )+g 64 v 43 = 1, h 61 = g 61 v 11 +g 62 v 21 + +g 63 v 31 + g 64 v 41 = g 61 v 11 + g 62 v 21 + g 63 −g −1 63 (g 61 v 11 + g 62 v 21 + g 64 v 41 ) + +g 64 v 41 = 0, h 62 = g 62 v 22 +g 63 v 32 +g 64 v 42 = g 62 v 22 +g 63 −g −1 63 (g 62 v 22 + g 64 v 42 ) + +g 64 v 42 = 0, h 71 = g 71 v 11 +g 72 v 21 +g 73 v 31 +g 74 v 41 = g 71 g −1 71 (1 − g 72 v 21 − g 73 v 31 − g 74 v 41 ) + +g 72 v 21 + g 73 v 31 + g 74 v 41 = 1.
As it was mentioned above h ii = g ii v ii = 0 for any i = 1, 2, . . . , 7 and h 21 = g 21 v 11 = 0, h 4j = g 4j v jj + g 4(j+1) v (j+1)j + · · · + g 43 v 3j = 0 for j = 1, 2, 3.
Moreover, h 65 = g 65 v 55 = 0, h 75 = g 75 v 55 + g 76 v 65 = 0, h 76 = g 76 v 66 = 0. Thus 
Now we present the last part of the proof. Let K be a matrix of T * n such that k ii = 1 for all i = 1, 2, . . . , n and 
Corollary 1. The total number of GL 2 (T n )-orbits is equal to the number of pairs (A, B) ∈ 2 T n . Theorem 3. The total number of GL 2 (T n )-orbits is equal to the Bell number B n .
Proof. Recall that the Bell number B n is the number of partitions Π of the set {1, 2, . . . n}. Therefore, in the light of Corollary 1 it is enough to show that the set of pairs (A, B) ∈ 2 T n and the family of partitions Π are equipotent. Let t k be the rank of a matrix A k obtained from A = (a kl ) by removing its rows and columns number k +1, k +2, . . . , n and let T = {t k ; k = 1, 2, . . . , n}.
There exists a bijection that associates to every pair (A, B) ∈ 2 T n the partition Π = {U t k , t k ∈ T } of the form
where B ij is the matrix obtained from B = (b ij ) by changing its rows number i, i + 1, . . . , n and columns number j, j + 1, . . . , n into zero rows and columns. For example, consider the pair 
a kk = 1 for k = 1, 2, 4, so Π = {U t 1 , U t 2 , U t 4 }, where t 1 = 1, t 2 = 2, t 4 = 3. Of course, 1 ∈ U 1 , 2 ∈ U 2 , 4 ∈ U 3 . Moreover,
• b 32 = 1, thus j − rankB 32 = 2 − 0 = 2 and hence 3 ∈ U 2 ;
• b 54 = 1, thus j − rankB 54 = 4 − 1 = 3 and hence 5 ∈ U 3 ;
• b 63 = 1, thus j − rankB 63 = 3 − 1 = 2 and hence 6 ∈ where x 1 < x 2 < · · · < x n−rankA , are numbers of rows with the entry 1 of the matrix B. Any other rows of B are zero rows. We have to indicate now the column number y m containing the entry 1 from a row x m for any m = 1, 2, . . . , n − rankA. We do it for each row one by one, from the least x m , i.e. x 1 , to the greatest, i.e. x n−rankA . This order is crucial. For any m = 1, 2, . . . , n − rankA the column y m is sth column without the entry 1 (from the left). Thereby, the entry 1 in x 1 th row is in sth column, where 
